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Abstract

High-frequency dither forces are often used to reduce unwanted vibration in frictional systems. This paper examines how
the effectiveness of these dither-cancellation techniques is influenced by the nature of periodic signal employed. The paper
investigates a single-degree-of-freedom (sdof) system consisting of a mass in frictional contact with a translating belt using
two different models of friction. Prior work by the authors focused on sinusoidal dither waveforms. This paper extends this
analysis to general, periodic dither forces. Using an averaging technique, the optimal waveforms are determined among
periodic signals having either unit-amplitude or unit-rms value. For unit-amplitude dither signals, it is found that square
waveforms are able to quench self-excited oscillations with the smallest amplitude of all waveforms of equal strength at
every belt speed. Among unit-rms dither waveforms, square waves are best for low belt speeds, but sinusoidal dither is
revealed to be best in higher ranges of belt speed. After studying generic waveforms, the results are specialized for three
specific examples: sinusoidal, triangular, and square. In particular, the relative performance of the three waveforms is
studied using an averaging technique as well as direct time integration.
© 2007 Elsevier Ltd. All rights reserved.

1. Introduction

Recent experimental work at Georgia Tech reported that high-frequency dither forces could suppress squeal
in automotive disc brakes [1]. A preliminary analytical and numerical study of this phenomenon treated the
brake/caliper system as a mass-on-a-moving-belt problem [2]. The study, which was restricted to sinusoidal
dither signals, used numerical integration to simulate the system for a wide range of system and excitation
parameters. The simulation results were validated using an analytical averaging technique used recently by
Thomsen and co-workers [3—-5]. It was found that there was good qualitative agreement between the numerical
and analytical results. It was also discovered that, while dither signals can quench friction-induced oscillations,
they can also destabilize a non-oscillating system if applied incorrectly.

While sinusoidal waveforms are a logical choice for dither signals, numerous alternatives are feasible. Prior
research performed using the Georgia Tech brake experiment examined a variety of waveforms (for normal
dither). For example, in Ref. [6], dither cancellation was implemented in a “‘burst mode” in order to reduce the
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power consumption. The burst-waveform was comprised of an “on-segment” followed by an ‘““off-segment.”
The on segment consisted of a prescribed number of cycles of a particular frequency. The frequency and
number of cycles, the relative duration of the on-segment to the off-segment as well as the period of the
combined signal, were all varied to determine favorable squeal cancellation. One of the surprising findings of
the waveform study was that when the duration of the on-segment was reduced below that of the off-segment,
dither was unable to control the brake squeal, regardless of the frequency of the dither on-segment.

Apart from the use of dither in frictional systems, other types of dither waveforms have been studied in
reference to a variety of applications. Oldenburger and Nakada [7] compared both triangular and sinusoidal
waveforms for stabilization of limit cycles in nonlinear circuits. Their study developed smoothed or “‘effective
characteristics” for the system nonlinearities using the theory of describing functions. Extensions of the
describing-function technique may be found in the text by Gelb and Vander Velde [§]. Among the different
waveforms considered in Ref. [8] are sine-plus-a-constant, two sines of differing frequency, and random
signals. It should be emphasized that, due to the nonlinearities present in the system, the results for a single
sinusoid cannot be directly applied to the case of general-periodic or random-input dither. Instead, each
waveform must be examined individually to obtain accurate predictions of performance.

In the present paper, the problem of a mass-on-a-moving-belt is further studied. The problem has been used
in numerous studies as a simple model of friction-induced vibration in mechanical systems; e.g., Refs. [9-11].
A variety of friction laws have been applied to this problem including Coulomb’s law, sticktion (Coulomb’s
law with differing static and dynamic friction coefficients), and different forms of Stribeck laws. In Ref. [2],
two different friction laws were used: one was a cubic-type Stribeck law that had been used by Thomsen [3]
and an exponential-based friction law. Since the two laws demonstrated different qualitative behavior when
subjected to dither, both laws are considered again in this paper.

The primary purpose of this paper is to examine how the type of dither waveform influences the
effectiveness of the dither cancellation technique. The paper first utilizes an analytical technique termed the
method of direct separation of motions [12], to investigate general, periodic dither waveforms. Through use of
the calculus of variations, the analytical results are used to determine optimal waveforms for stabilizing
systems with Stribeck and exponentially decreasing friction laws. The generic results are specialized to the case
of square and triangular waveforms, for comparison with previously obtained sinusoidal dither results.
Emphasis is placed on developing closed-form expressions for effective friction characteristics and for stability
predictions. The results of the averaging technique are then validated using numerical integration.

2. Model development

The model used in this paper is very similar to the one used in Ref. [2]; therefore, only a brief description of
the model is given here. Fig. 1 shows a spring-mass-damper system resting on a translating surface. The single-
degree-of-freedom (sdof) system is subjected to a tangential (i.e., parallel to the sliding surface) dither force
denoted as A7 g(wrt), where A7 is the amplitude and ¢ is a zero-mean, periodic waveform. The fundamental
frequency of the periodic signal is given by w7, which is typically very large compared to the natural frequency
and/or the “squeal frequency” of the system. In other words, the dither signal period, T = 2n/wr, is assumed
to be very small in comparison to other relevant time scales. The normal force N and the belt velocity V; are
assumed to be constant.

N
) l F—> x)

Arg(og)

Fig. 1. Sdof model.
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The non-dimensional equation of motion of the sdof system is given by

d’x dx
bl Y datd -
2T ¢ T S (
where w3 = k/m is the system’s natural frequency, T = wy¢ is non-dimensional time, { = ¢/2wm is the
damping ratio, and the tangential dither frequency and amplitude ratios are denoted by Ry = wy/wy and
Dy = Ar/k, respectively. Note that x and D7 have units of length.

The scaled friction force f'is defined as

X

o)+ DrotRro m
T

7(55) = nonr. @

where F = N/k is a scaled normal force, v, = vy—dx/dz is the relative velocity or “slip velocity’” of the mass,
and vy is a scaled belt velocity, vy = Vy/wo.

2.1. Friction models

2.1.1. Stribeck friction law

The Stribeck friction law [9,10] possesses a low-velocity regime where the friction force magnitude decreases
with increasing slip velocity. As the magnitude of the slip velocity increases, the friction function flattens out
and then enters a “‘lubricated regime” where the friction coefficient increases with slip velocity. Although
many functional forms have been proposed throughout the literature, the mathematical model used by
Thomsen [3-5] is employed here:

3 v, 1/(v 3
gsign(v,) — (g — )| —— = — for v, #0,
o) = 1 sign(vy) 2(u I )<vm 3<Um) ) 3)
I for v, = 0.

us can be interpreted as the “static” coefficient of friction, which applies when v, = 0. The parameter
I, 1s the minimum coefficient of friction; the slip velocity at which this minimum friction coefficient is
attained is denoted v,,. When the interface sticks and v, = 0 for a finite time, the friction force f; must
be determined by equilibrium considerations; this is indicated in Eq. (3) by fi,, which can be thought
of an unknown scaling factor between f; and the normal load. Note that, unlike many models used in prior
frictional studies, the friction coefficient u(v,) can be positive or negative, depending on the instantaneous slip
velocity v,.

2.1.2. Decreasing friction law
While the cubic nature of Eq. (3) lends itself to analytical treatment, the so-called “lubricated regime” of

|vy| > vy, 1s not appropriate for many frictional systems, including automotive braking systems. Thus, a second

friction law is considered in which the friction coefficient smoothly and monotonically decreases with slip

velocity:

Hn + (:us - :um) exXp <_|5r|):| Sign(vr) for Uy # Oa

m

uv) = (4)

I forv, = 0.

The friction coefficient steadily decreases from a static friction coefficient, u,, to a value of u,,
which could be interpreted as the dynamic friction coefficient. In contrast with the Stribeck model (3), the
parameter v,, denotes the slip velocity at which (u—u,,) drops to 36.8% of its initial value (us—p,,)-
Fig. 2 compares the Stribeck and Decreasing friction models for the case of u,=0.4 and g, = 0.29.
Note that no effort has been made to match the initial negative slope of the two friction laws. The initial
slope of the Stribeck model is u/'(0) = —3(us—pu,,)/(2v,,) while that of the decreasing friction law is

W(0) = —(ts— )/ V-
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Fig. 3. Possible dither waveform.

2.2. Mathematical form of the dither waveforms

In practice, the form and complexity of a dither waveform are limited only by the fidelity of the power
electronics and the dynamics of the force actuator. However, to limit the scope of this study, several
assumptions are made regarding the dither signal g(z):

. g(7) has zero-mean.

. ¢g(7) is periodic with period 27.

. g(7) is antiperiodic from [0, 7] versus [x, 27]; i.e., g(t+7) = —g(7).

. g(1) is odd; i.e., g(—71) = —g(7).

. g(7) is strictly greater than zero over [0, 7] and less than zero over [r, 27].

(T2 NS I\ e

A possible waveform is shown in Fig. 3. Conditions 1-4 imply that g(r) can be represented by a Fourier
series of the form

g@) = Y b sin(koro). (5)
k=1,3,5,

Initially, g(r) is assumed to have maximum value 1; later, the case of unit-rms dither signals is
also considered. Along with the function itself, the averaging technique requires an integral of the
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dither signal:

o8
b
G(r) = / gmydr+C=— Y K costkwrr), (6)
k2135, kot

where the constant of integration C is chosen so that G(t) has zero mean.

After deriving the averaged results for the system subject to a generic signal g(tr) that meets the five
assumptions above, the results are specialized to three waveforms: sinusoidal, triangular, and square:

Sinusoidal:

g(7) = sin(z), (7a)
G(1) = — cos(1). (7b)
Triangular:
gr for0<~z SE,
- 2
-2 21; for T <1< 3n 8
4() = = S<TSTn (8a)
—4+%‘c for3—n<r<2n,
b 2
_E+l-52 for0<‘c<E
4 1 -T2
1 3
Goy={F--—n forZ=t=T. (8b)
1 3
Eila-m) forZ<r<on
4 7 2
Square:

1 for0<t<m, 9
9(r) = —1 formn<t<2nm, (Oa)

—E—}— vt for0<t<m,
G(t) =1 31 (9b)

7—1 for n<t<2m.

3. Analytical treatment using an averaging technique

In this section, the averaging technique used in Refs. [2,3] is generalized to consider a periodic dither signal
satisfying assumptions 1-5 above. The solution to Eq. (1) is first decomposed into a fast component, ¢, and a
slow component, Z:

1
x(1) = Z(1) + = ¢(z, Rr7). (10)
Ry
Also, the magnitude of the dither force is assumed to be of the same order as the tangential dither frequency:

Dy = arRy  with ar = O(1), (11)

where o7 is termed the strength of the tangential dither signal. Substituting Eq. (10) into Eq. (1), grouping
terms, and averaging produces the governing equation for the slow dynamics in terms of the effective friction
characteristic, /i

Z 4274 Z+ [(Z — vy)F = 0. (12)
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Using v, to denote the slow component of the slip velocity, i can be expressed as

avy) = (uvy + o7 G(1)), (13)

where (.) is the fast-time-average operator, which time-averages over one period of the fast excitation,
considering the slow time 7 to be fixed:

2n
YR =5 [ SRR (14)
Eq. (13) applies to any zero-mean dither signal having sufficiently short period and any friction law. In
Sections 3.1 and 3.2, the effective friction laws for the two friction models under consideration are worked out
in detail. The effective friction laws provide considerable insight into how the discontinuous friction models
are smoothed through the effect of high-frequency dither. They can also be used to determine the stability of
steady sliding of the sdof system, as shown next.
The equilibrium displacement of the mass in a condition of steady sliding, denoted by Z, can be obtained by
setting Z = Z = 0 in Eq. (12). This yields

Z = —fi(—vo)F. (15)

To study the stability of steady sliding, small perturbations about equilibrium are considered,
z(t) = Z(t) — Z. Inserting z(t) into Eq. (12), one obtains

Z4+h(iZ)+z=0, (16)
where the function /(Z) incorporates the effective friction term and the viscous damping term
h(z) = 202 + F(a(z — vo) — A(—vo)). (17)

The system’s equivalent linear damping is obtained by taking the first derivative of 4(z). If it is negative, then
equilibrium (15) (corresponding to z = 0) is unstable, and steady sliding will not be maintained. Ultimately,
sustained, limit-cycle oscillations will take place. Thus, the criterion for instability is given by

dh(z)
dz |,

= 20 + [ (vy)F <. (18)

3.1. Effective friction law for Stribeck friction

The effective friction characteristic for the Stribeck friction law can be obtained by substituting Eq. (3) into
Eq. (13):

|
Avy) = %/ {ow sign(u) + o1 (v, + 27G) + o3(vr + 27 G)’ } d(R71), (19)
0
where
3(u, — I (u, —
oy = U, O] = ——M, o3 = —M and u=v, +arG.
2 o, 2 v

Rearrangement and expansion of Eq. (19) leads to
fi(vy) = o (sign(w)) + (nor + 3o3v707)(G)
+ v, + ocgvf + 3cxgvrcsz(G2) + OC3O(%~(G3>. (20)
Although not obvious, assumption 3 that the signal g(t) be antiperiodic results in the following property:
(G"Y=0 forn=13,5,.... (21
By Eq. (21), expression (20) simplifies to
fi(v,) = o (sign(u)) + o307 + (o1 + 30305 (G))v,. (22)
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Fig. 4. Signum argument for the case |v,|<or Gmax.

Effective Friction Law
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Fig. 5. Effective Stribeck friction model for three waveforms (a) sinusoidal, (b) triangular, (c) square, for five values of tangential dither
strength o7 Parameters: u, = 0.4, p,, = 0.29. solid line oz/v,, = 0; circles o7/v,, = 0.25; dashed line a7/v,, = 0.5; triangles az/v,, = 0.75;
dotted line o/v,, = 1.

Note that if |v,|>0arGmpax, Where Gpax 1s the maximum value of G(tr) over [0,2x], then u = (v, + arG)
has constant sign for all Rzt. Conversely, when |v,| <a7Gnax, the sign of u will change over [0, 27] as shown in
Fig. 4. Because the signal g(7) is assumed to be odd (Assumption 4), R77, = 2n—R77;. Furthermore, because
Assumption 5 requires g(R77) >0 on [0, ], G(R77) is monotonically increasing on [0, 7] and monotonically
decreasing from [z, 2n]; therefore, Ryt and Ry, are isolated zero crossings. Thus, it can be shown that the
fast-time average of the signum function is given by

2

. 1 ——=Rr71, || <orGmax,
(mgn(v,—i—aTG)) — . 7 Tl | rl T Ymax (23)

sign(vy), [v,] = 07 Grnax.

Using Eq. (23), the effective friction characteristic for the Stribeck friction law is given by
2
_ %o <1 - _RTT1> + O‘3U;3' + (o + 30‘3“%‘(G2))0r for |v,| <op Gax,

a(vr) = n (24)

w(or) + 30307-(G*)v, for [v:] = 07 Ginax.

In Appendix A, Eq. (24) is evaluated in closed form for specific cases of sinusoidal, triangular, and square
dither waveforms. These effective friction laws are shown in Fig. 5 for five different values of dither strength,
assuming that |g|,.x = 1. Parts (a)—(c) of the figure correspond to the sinusoidal, triangular, and square dither
waveforms, respectively. As found previously by Thomsen [3], dither acts to smooth the friction discontinuity
in the vicinity of the zero-slip point. As the amplitude of the dither waveform is increased, the discontinuity is
smoothed over a wider range of slip velocities. Secondly, it is seen that the slope of effective friction law is
dependent both on the amplitude and type of dither waveform. According to condition (18), the degree to
which a system is prone to self-excited oscillations is associated with the portions of the curve that have
negative slope. It is seen that the effective friction law exhibits a negative slope in the approximate range
07Gmax <U,-<U,,. Thus, the higher G,y is, the smaller is the slip-velocity range having negative slope. It is also
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seen that, for some level of dither amplitude, the effective friction characteristic is positively sloped over all
belt speeds. A comparison of the three plots in Fig. 5 shows that, at each level of dither strength a7/v,,, the
regions of negative slope are greatest for triangular dither, and least for square dither. This observation is
further detailed and discussed below.

3.2. Effective friction law for decreasing friction

The effective friction characteristic for the decreasing friction law can be obtained analytically, using
Egs. (4) and (13):

1 2n ) )
A =5 [ Bosigntu) + By exp (— %) sign(u) d(Rr7), (25)
where
ﬁO = Hm> ﬁl = Mg — Uy andu:vr+aTG' (26)
Rearrangement of Eq. (25) leads to
. ul\ .
fer) = Bo(sign(w) + ﬁ1<exp (— L') s1gn<u)>. @7

As before, in an attempt to evaluate Eq. (27) for arbitrary waveforms, two regimes are identified.
(For simplicity, it is assumed that the slip velocity is positive; the effective friction law is easily shown to be an
odd function of v,.) For v,> a7Gnax, # has no sign change on [0, 2x]. In this case, Eq. (27) simplifies to

—vy i G(R
a(vy) = Py + %exp (U—U> / exp (— w> d(Rrt) for v, >07Gpax. (28)
m 0 m
This expression can be evaluated in a closed-form for the specific cases of sinusoidal, square, and triangular
waveforms. These expressions may be found in Appendix B. In the regime where 0 <v, <a7Gn.x, U €Xperiences
one sign change on [0, n]. Using Eq. (23), we can write

RT‘E]
i(v,) = By (1 — %RTu) _ &/ exp <U’+°‘T—G(RTT)> d(Ry7)
T T Jo

m

+ b / ' exp <_Ur — O;TG(RTT)> d(Rr7). (29)

n Rty m

Appendix B gives closed-form expressions from Eq. (29) for the cases of square and triangular waveforms;
for the case of sinusoidal waveforms, Eq. (29) requires a numerical evaluation.

Fig. 6 shows a comparison of the effective friction laws for the decreasing friction model for three
dither waveforms and for a variety of dither strengths. As in Fig. 5, the dither signals are normalized
according to their maximum value, |¢|,.x = 1. There are many similarities between the -effective
friction law for the decreasing friction model and for the Stribeck model. They all clearly show the miti-
gating influence of dither for small belt velocities. (Note that the slip velocity is equal to the belt velocity
if and when the mass is in a state of steady sliding.) However, in contrast with the curves in Fig. 5,
those in Fig. 6 show that the effective friction characteristics never completely lose their regions of negative
slope.

4. Stability results

Once the effective friction characteristics have been obtained, the stability can be directly established from
Eq. (18), which involves the derivative of fi(v,). Where closed form expressions exist, the derivative may be
calculated analytically (see Appendices A and B); otherwise, the derivative is calculated approximately using
finite differences.
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15 1 05 0 05 1 15 15 1 056 0 05 1 15 15 1 05 0 05 1 15
ViV, vV, ViV,
Fig. 6. Effective decreasing friction model for three waveforms (a) sinusoidal, (b) triangular, (c) square, for five values of tangential dither

strength a7. Parameters: p, = 0.4, u,, = 0.29. solid line o7/v,, = 0; circles o7/v,, = 0.25; dashed line a/v,, = 0.5; triangles o7/v,, = 0.75;
dotted line o/v,, = 1.

4.1. Stability results for Stribeck friction law

For any waveform satisfying Assumptions 1-5, the effective friction characteristic for the Stribeck friction
law is given by Eq. (24). Differentiation of Eq. (24) requires knowledge of how changes in v, affect Ry7;:

d _ dGg d(RT’E]) _
d_l)r(vr 4+ oa7rG(Rr7)=0=1+0ar dRrt)  do, =0. (30)
Therefore, since dG/dt = ¢g(7)
d(RT‘El) —1
= ) 31
do, arg(Rrt1) D

Using this relation, an expression for the derivative of Eq. (24) can be obtained:
For |v,| < o7 Gmax

20(0

= 30302-(G?)) + 30302, 32
noch(RTrl)+(al+ a0 (G7)) + 330, (32)

ﬂ/(vr) =
For |v,|> a7 Gnax

ﬂ/(vr) = ,u'(v,.) + 30‘30{%"(G2>3 (33)
2

where 1/(v,) = 303(v? — v2,). Because o; <0, it is cumbersome to prove the conditions under which Eq. (32) is
positive; by Eq. (18), this is a sufficient condition for stability. For the three waveforms considered in Fig. 5, it
may be observed that the slope is positive in the range |v,| <o7Gmax. More conclusively, Egs. (32) and (33)
show that [7'(v,) is made more positive (or less negative) as (G) is increased. In other words, the stability of
steady sliding in the system improves as (G?) increases.

An important observation from Eq. (32) can be made. From Fig. 4, it is first noted that as «s is increased
and approaches v,/Gpa., R7t1—0. Since ¢g(r) is assumed to be odd, this means that g(Rz7)—0, and
' (v,) = +o00. (The possible exception to this occurrence is square waves, for which the value of ¢(0) is not
strictly defined.) This explains why the slope of the effective friction law in Figs. 5(a) and (b) show infinite
slope just before v, exceeds a7Gmax. This also suggests a strategy for improving a system’s stability of sliding by
tailoring the dither signal so that g has a small value at the point where u crosses zero. In other words, the
effective friction characteristic can be made to have arbitrarily high, positive slope if G’ = ¢ is small at the
point where v, + a7G crosses zero.

If one assumes that Eq. (32) is positive, then the condition for instability can be obtained by substituting
Eq. (33) into Eq. (18) with the slip velocity v, replaced with the constant belt velocity vy. For instability in the
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O

Fig. 7. Stability Bounds and Region.
regime |vg| = o7 Gmax, 1t 18 required that
20 + F3o3(v] — v2) + 30303-(G)] <. (34)
Finally, (34) can be solved for the unstable range of belt velocity:
07 Grnax < V0 <[V3, — 03(G*) — 20 /(33 F)]'/2. (35)

Eq. (35) determines the upper and lower bounds of a stability map in the ar—uvy plane for the Stribeck
friction law. Fig. 7, which shows the general shape and characteristics of the stability region, can be viewed as
a generalization of the result for sinusoidal dither first presented by Thomsen in [3]. It is seen that the upper
boundary of the unstable region decreases monotonically with a7. Moreover, the lower bound of the unstable
region increases linearly with o7. This means that, if the undithered system experiences sustained oscillations,
there exists a threshold level of dither strength, denoted by o, that is able to quench the limit-cycle
oscillations. Due to the downward sloping upper boundary of the unstable region, one can conclude that it is
impossible for a stable system to become destabilized by an increase in the strength of the dither signal. Thus,
the stability characteristics for the general dither waveforms considered here are qualitatively the same as
those found in [3] for sinusoidal dither in the Stribeck-friction case.

Referring to Fig. 7, it is seen that there is a limiting value of vy above which the undithered system (x7 = 0)
is stable. The limiting value is given by

1/2
— &} (36)
3(.“'5 - ,um)F

Below v5, we recognize that there are two different ranges of belt speed. For 0 <y <v?, the dither strength
ar required to stabilize the system increases linearly with v; for vf <vy< vf , the stabilizing dither strength o
decreases with increasing belt speed. Another feature of the map is a limiting value of a7 beyond which the
system is stable for all belt speeds. Denoting this dither amplitude as o%, it can be shown that

vf = vy {1

ok = vy 37)
7= .
(G +(GH)]'

Finally, as evidenced by (35), the influence of viscous damping is to move the upper bound of the stability
region downward, thus reducing the size of the instability region.

Different waveforms can be compared by their influence on the upper and lower bounds of the stability
region. The lower bound increases with Gpax, While the upper bound decreases with (G?). Thus, we seek a
waveform that satisfies conditions 1-5, and that simultaneously maximizes Gacand (G*). We distinguish two
cases within this optimization problem: unit-amplitude and unit-rms dither waveforms.

Unit Amplitude:

Of all waveforms that satisfy conditions 1-5 above, it is relatively straightforward to determine that the
optimal unit-amplitude dither waveform is a square wave. Taking into account the antiperiodicity of g(t),
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Gnax 18 given by

G — L / g0yt = & / G'()dr, (38)
2 Jo 2 Jo

where the factor of % originates with the requirement that G(t)have a zero-average. If G, is to be maximized
with |g]n.x = 1, it is clear that g(t) should maintain its maximum value over the entire half-period [0,n]. Thus,
the largest possible value for Gy« occurs for a unit-amplitude square wave, for which G, = 7/2.

The general expression for (G?) is given by

(6% =~

2n
G*(Ry7)d(R77) (39)
27'[ 0

The requirement that |g|,., = 1 places a limit on the slope of G(t) since G'(tr) = ¢g(z). In order for G(z) to
have its largest mean-squared value (while maintaining zero mean) G'(t) = +1 forO0<t<mn and G'(tr) = —1 for
n<1<2n. The resulting triangular waveform for G(t) yields a mean-squared value of (G*) = n2 /12. Thus, we
arrive at the conclusion that, of all unit-amplitude dither signals consistent with assumptions 1-5, the square
waveform simultaneously maximizes the lower bound and minimizes the upper bound of the unstable region.

Unit rms: Another way of normalizing the dither signals is in terms of their rms amplitude. The constraint of
unit rms value (or equivalently, unit MS value), can be stated as:

1 2n 1 T
MS(9) =+ /0 g (v)dr = - /0 (G')*dr = 1. (40)

To maximize Gnax, We must extremize Eq. (38) subject to constraint (40). It may be noted that this is a
standard isoperimetric problem in the calculus of variations [13]. The maximizing dither signal g(¢) consistent
with assumptions 1-5 can be shown to be a unit-amplitude square wave. The maximization of (G?) is governed
by another isoperimetric problem; namely, it is necessary to extremize (39) subject to the isoperimetric
constraint (40). The unique result, consistent with assumptions 1-5 is a unit-rms sinewave, g(t) = /2 sin(7).
Therefore, in the case of unit-rms dither signals, the square wave still yields the maximum lower bound of the
unstable region. However, the minimum upper boundary is produced by a unit-rms sinusoidal dither signal. The
results are summarized in Table 1.

The rms-value of a signal is often associated with the signal’s "energy." However, it must be noted that the
energy requirement of the dither cancellation technique depends on the integrated power, defined as the dither
force times the absolute velocity of the mass. Comparisons of different dither waveforms in terms of the energy
requirement is an interesting, but much more complicated, problem because it depends on the dynamics of the
entire system.

To specialize the above discussion to the sinusoidal, triangular, and square waveforms, we need to evaluate
Gomax and (G?) for each case. Table 2 summarizes the results. These values can be inserted into Eq. (35) to give
specific formulas for each of the three waveforms. Explicit formulas can be found in Appendix A.

Based on the values of G, for unit-rms waveforms, it is seen that square waves are better than sinusoids
and the sinusoids are better than triangular waveforms in raising the lower bound of the unstable region.
However, based on the values of (G?) for unit-rms waveforms, it is seen that sinusoidal dither signals are best.
Unit-rms triangular waveforms are nearly as good as sinusoids and unit-rms square waveforms fair worse. The
reason is that, of all unit-rms waveforms satisfying assumptions 1-5, the sinusoid focuses all of its energy at a
single frequency.

Table 1
Gomax and (G?) dependence on dither waveform

Grmax =1 7 g(x)dx (G =& [°" G*(Rr1)d(Rr1)

=2n

Unit amplitude dither Maximized by square wave, /2 Maximized by square, 7°/12
Unit rms dither Maximized by square wave, /2 Maximized by sine wave, 1
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Table 2

Gomax and (G?) for sinusoidal, square, and triangular waveforms

Dither signal Gax (G*

Unit amplitude sinewave 1 0.5

Unit amplitude triangular wave /4 =0.7854 72/30 = 0.3290
Unit amplitude squarewave /2 = 1.5708 7*/12 = 0.8225
Unit rms sinewave V2 =1.4142 1

Unit rms triangular wave nﬁ/4 = 1.3603 7*/10 = 0.9870
Unit rms squarewave n/2 = 1.5708 7*/12 = 0.8225

(a) (b)

Unit Amp Waveforms

Unit RMS Waveforms

0.25 0.25
02 & 02 @
0.15 0.15
2
0.1 0.1
0.05 0.05
0 0

Fig. 8. Stability map for the Stribeck friction model for three waveforms (a) unit amplitude, (b) unit rms; sinusoidal waveform -O-, square
waveform -0-, triangular waveform -A-. Parameters: { = 0.005, F=1, v,, = 0.2, u, = 0.4, and y,, = 0.29.

Fig. 8(a) shows a comparison of the stable region for unit-amplitude sinusoidal, square, and triangular
waveforms for the Stribeck friction case. It is seen that there is a significant improvement of sinusoids over
triangular waveforms and of square waves over sinusoidal in the unit-amplitude case. In the unit-rms case,
shown in Fig. 8(b), it is seen that the relative performance of each waveform shows less variation. That being
said, the square waves show best performance for belt speeds lower than v, and show reasonable performance
in the range v} <v,<v5. Assuming that the actuators and power electronics can accommodate square
waveforms, they are shown to be a good choice in application to systems exhibiting Stribeck friction
characteristics.

4.2. Stability results for decreasing friction law

To determine the stability of the dithered system having a decreasing friction relation, we need the derivative
of the effective friction laws shown in Egs. (28) and (29). For v, > a7G .y, We obtain:

7)) = Plexp (_”) / " exp (— °‘TG(R”)) d(R7), (41a)
0

UmT Um m

_ o\ 2
20 = —Plexp (U—”> / cosh (M> d(R77), (41b)
0

U™ m m
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where the simplification in Eq. (41b) is made possible by the fact that G(z—1) = —G(7). (For simplicity, v, is
assumed to be positive; the result for v,.<0 is easily obtained by recognizing that the effective friction law is
odd.) Inspection of this relation shows that for v, >07Gpax, @' (v,) <0 for all waveforms. This may be validated
by inspection of Fig. 6, where the slope is noticeably negative when v,> a7G .. For the limiting value of
v, = d7Gmax, Eq. (41) takes the form

7(v) = ;ﬁ; exp (;—”> /0 “exp ( _ uGRr7)/ G Gm"”‘) d(Rr7). (42)

m m

It is noted that, as v, increases, ji'(v,) goes to zero from below, meaning that the sliding state becomes “‘less
prone to instability’ as the belt speed is increased. From a practical standpoint, this means that for sufficiently
high belt speeds, stable sliding can be assured by very small amounts of viscous damping.

Before one can take the derivative of (29), it must be recalled that 7; depends on v,. Differentiation of the
first term in (29) makes use of (31); differentiation of the second term, which involves 7, in the integration
limits, requires use of Leibnitz’s rule. For 0 <v,<o7Gmax,

oo 2Bt B) B Rre v + a7 G(Rr7)
K (Ur) B TfaTg(RTTl) B m/() eXP( m )d(RTI)
B [T —v, — a7 G(R7T)
- Um”/Rm exp (m )d(RTr). (43)

The first term is positive for all dither signals satisfying assumptions 1-5. However, since the integral terms
are negative, the derivative @'(v,) can be positive or negative in this range of operation.

To assess the stability of the undithered system with a decreasing friction law, we must first set a7 = 0 in
Eq. (41). This gives

mo)="Pex (1), (#4)
Now, using (18), it is found that steady-sliding of the undithered system is unstable for all belt speeds lower
than v? given by
F
v =, In ( 5 Cﬁ‘) (45)

In [2] is was found that the upper bound of the unstable region is concave up for the decreasing friction law
subjected to sinusoidal dither signals. This is confirmed for arbitrary waveforms, if one considers how @'(v;,) in
(41b) changes with a7. For a given belt speed and dither signal, 7'(v,) becomes more negative as o7 increases.
Therefore if v, >v?, the undithered system will experience steady sliding, but increasing the dither strength
runs the risk of making the slope of the effective friction law more negative, thus destabilizing the system. As
discussed above, the instability will be avoided if v, is sufficiently high, and some small amount of viscous
damping is present.

The question of “optimal waveforms” follows a similar reasoning to that presented in the context of
the Stribeck friction law. The lower bound of the unstable region is given by the line v, = a7G.y; therefore,
the optimal waveform is the one that maximizes G,.x. Whether normalized by unit-rms or unit amplitude, the
waveform conforming to assumptions 1-5 that maximizes G, 1S a square wave.

Because of the concave-up nature of the upper boundary of the unstable region, the question of ““optimal”
dither waveforms loses its significance. Obviously, for v, >v?, the optimal dither signal to stabilize steady-
sliding is zero. However, it is instructive to examine how the dither signal influences the upper boundary of the
unstable region. Figs. 9(a) and (b) compare the stable regions for the system with a decreasing friction law for
the three different waveforms in the unit-amplitude and unit-rms cases. In the unit-amplitude case, it is seen
that the square wave produces the narrowest unstable region of the three waveforms under consideration. It
also clearly shows that, for v, <v?, the square waves perform better than the sinusoids, which in turn,
outperform the triangular waveforms. However, just as square waves are more efficient at stabilizing steady-
sliding, they are also more efficient at destabilizing steady-sliding in the decreasing friction case. In the unit-rms
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Fig. 9. Stability map for the Decreasing friction model for three waveforms (a) unit amplitude (b) unit rms; sinusoidal waveform -O-,
square waveform -[J-, triangular waveform -A-. Parameters: { = 0.005, F= 1, v,, = 0.2, uy = 0.4, and y,, = 0.29.

case shown in Fig. 9(b), square waves are still clearly better than sinusoidal or triangular waveforms for
v, <v?. However, the differences among unit-rms waveforms with respect to the upper boundary of the
unstable region are much slighter.

5. Numerical simulation study

The results from the averaging technique can be checked against results obtained from numerical
integration. As with all frictional systems, care must be taken in numerical integration routines to deal with
numerical stiffness in the vicinity of the discontinuity. In this study, a Runge-Kutta routine is used to directly
integrate Eq. (1) during periods of slip. When the slip velocity changes sign and/or becomes sufficiently small,
a careful determination of the switching time is determined by backing up and re-integration using smaller
time steps. This process is repeated until the switching time converges. Two types of numerical investigations
are discussed below. In Section 5.1, simulations are presented that demonstrate the ability of the three types of
dither waveforms to eliminate friction-induced oscillations. In Section 5.2, the potential destabilizing influence
of dither is demonstrated.

5.1. Cancellation of friction-induced oscillations by dither

Without dither, the sdof system of Fig. 1 is well known to be prone to sustained stick-slip oscillations.
For the system and Stribeck friction parameters used in this work, the undithered system settles into
a stable limit cycle after a short transient at a fundamental frequency that is close to the natural frequency
(~0.6660).

Fig. 10 shows typical numerical simulation results using the Stribeck friction model with vy = 0.05 and
R = 10. The dashed lines denote the results for the system with no dither and the solid lines show the results
for the dithered system with D7 = 0.4 (o7 = 0.04), and for the three different unit-amplitude waveforms. For
triangular dither waveforms, case (a) in Fig. 10, the dithered response shows some amplitude reduction
relative to the undithered system. For sinusoidal dither, case (b) in Fig. 10, the response exhibits greater
control. The situation depicted in cases (a) and (b) in Fig. 10 is termed ““partial control.” For square dither
waveforms, case (¢) in Fig. 10, the system is fully controlled by dither. In other words, the self-excited
free-response oscillations are replaced with a forced response at the frequency of the dither input (and its
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Fig. 10. System displacements x(t) with the Stribeck friction model. Reference case without dither excitation (---); Dithered system (—).
Parameters: wy = 1, { = 0.005, F =1, vy = 0.05, v,, = 0.2, ;= 0.4, p,,, = 0.29, Ry = 10, Dy = 0.4, and (a) triangular, (b) sinusoidal, (c)
square waveforms.

(@) (b) (c) (d) (e) ()
1 1 1 1 1 1
05 [l 05 05 05 |y 05 05
— T it |
S AN :
0 0 0 0 0 0
05 05 05 05 05 05
0 300 600 0 300 600 0 300 600 0 300 600 0 300 600 0 300 600
T T T T T T
1 1 1 1 1 1
{
B S Y U Y I o -
> " v {‘ e o
A - Al 4 A 1 2 1 S
2 -2 -2 -2 2 2
4 0 1 2 4 0 1 2 4 0 1 2 4 0 1 2 10 1 2 4 0 1 2
Xn Xn Xn Xn Xr\ Xn

Fig. 11. System responses with the Decreasing friction model, displacements x(7) (top row), and Poincaré plots (bottom row) for six values
of dither amplitude D7 with triangular waveforms. Parameters: wg = 1, { = 0.005, F =1, vy = 1.0, v,,, = 0.2, uy = 0.4, u,,, = 0.29, Ry = 10,
and (a) D=0, (b) Dy=3,(c) Dyr=4,(d) Dy=11, (¢) Dr=12, (f) Dy = 13.

higher harmonics). Consistent with the results of the averaging method, sinusoidal waveforms achieve a higher
level of control than triangular waveforms, but a lower level of control than square waveforms, for a given
dither amplitude. The numerical-simulation results of Fig. 10 can be correlated with the stability curves shown
in Fig. 8(a). The point a7 = 0.04, vy = 0.05 is well inside the unstable region for the unit-amplitude triangular
waveform; it is just inside the unstable region for unit-amplitude sinusoidal waveform. However, for the unit-
amplitude square waveform, the point is outside the unstable region.

5.2. Destabilizing effect of dither in the case of the decreasing friction law

As mentioned in Section 4, it is possible to destabilize steady sliding in system with the decreasing friction
law by injecting dither into the system. To explore this further, numerical simulations are conducted holding
the belt velocity and the dither frequency ratio constant, and observing the response as Dy is increased. For
unit-amplitude triangular dither signals, Fig. 11 shows the system response for 6 different values of Dy when
the belt velocity is vg = 1 and Ry = 10.
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The top row shows the displacement response to zero initial conditions. Note that at D= a7 = 0, Fig. 9(a)
shows that the undithered system is stable. Thus the system should settle into a steady-sliding condition after
the transient vibration dies out.

From Fig. 9(a), the averaging method predicts that triangular dither should destabilize steady-sliding for
ar=0.54,1.e. Dy = a7Ry = 5.4. The system should return to a stable state for a7>1.27, which corresponds to
Dr>12.7. Fig. 11 qualitatively validates this behavior. However, steady-sliding becomes unstable at a lower
dither amplitude, D7>4. Nevertheless, there is agreement with the averaging results for the return to stability
prediction, as the system is re-stabilized for dither amplitudes D7>13.

The bottom row of plots in Fig. 11 shows the Poincaré plots as D changes. The Poincaré section is chosen
to coincide with the time instants R;t, = 2nn for n = 0,1,2,... . During “stable” response, the Poincaré plot
spirals down to a period-1 response. When the dither signal destabilizes the system, the Poincaré plot shows a
closed-orbit, closely resembling a period-10 response. It appears that the dither signal is successful in
smoothing the nonlinearity, so that the low-frequency response is at or near m,, even though the limit-cycle
oscillation occurs typically at a lower frequency. In the case of an unstable response, this sustained low-
frequency response component is joined to a second component having a period equal to that of the dither
signal.

From the numerical simulation shown, and from others generated using other dither waveforms, it is clear
that it is possible to destabilize a system through tangential dither, regardless of whether the dither waveform
is sinusoidal, triangular, or square. However, it is also seen that, just as unit-amplitude square waveforms are
most able to stabilize a self-excited oscillation, they are also most able to destabilize a system in comparison to
unit-amplitude triangular and sinusoidal waveforms of the same strength and period.

6. Concluding remarks

Prior work [2] studied the performance of sinusoidal dither waveforms to quench self-excited oscillations in
a sdof mass-on-a-moving belt system. The sinusoidal dither study revealed that there were qualitative
differences in behavior depending on the friction law. In particular, self-excited oscillations in systems having
Stribeck friction (characterized by a high-speed “lubricated regime”) are benefited in all cases by tangential
dither, as shown originally by Thomsen [3]. However, models incorporating a steadily decreasing friction law
were found to be stabilized or destabilized by tangential dither, depending on the belt speed and the dither
strength.

This paper extends this result to more-general, periodic dither signals. Two different subclasses are
considered: unit-amplitude (i.e., unit peak value) and unit-rms dither signals. The effect of dither waveform on
stability is studied using an averaging technique and using direct time-integration. The general results are then
specialized to the cases of sinusoidal, triangular, and square dither waveforms.

It is shown that, among all dither signals having the same period and peak-amplitude, square waves have
the largest effect on friction-induced oscillations. Furthermore, they produce the smallest region of instability
in parameter space. In that sense, they are optimal. This trend was observed for both the Stribeck friction law
and the decreasing friction law. Analytical results from an averaging technique show that unit-amplitude
sinusoidal waveforms requires a higher dither strength than square waveforms, but a lower strength than
triangular waveforms in order to achieve stability of an unstable system, at any belt velocity. This prediction
was confirmed using numerical simulations.

The results differed somewhat when the dither signals were normalized by their rms value. In that case, it
was found that square waveforms outperform other types of waveforms in some ranges of belt velocity, but
sinusoids outperform triangular waveforms, and triangular waveforms outperform square waveforms of equal
rms value in other ranges of belt velocity. Overall, it was observed that there was far less variation among the
stability regions produced by various unit-rms waveforms than among the stability regions corresponding to
various unit-amplitude dither waveforms, regardless of the friction law employed.

Analyses of systems with the decreasing friction law show that it is possible to destabilize steady-sliding
through application of general, periodic dither waveforms. This phenomenon, observed previously in the case
of sinusoidal dither [2], is not observed in systems using the Stribeck friction model. Both the averaging
technique and numerical simulations show that a system that exhibits stable sliding when undithered can be
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destabilized by applying dither with triangular and square waveforms of intermediate strength. For a given
belt velocity, the range of dither amplitudes that destabilizes the system is broad and within high amplitude
levels for the triangular waveforms, and is narrow and within low amplitude levels for the square waveforms.
The range of destabilizing dither amplitudes for sinusoidal waveforms lies between that of the triangular and
the square waveforms. Also, just as square waves had the best ability to quench self-excited oscillations, they
also required the least strength to destabilize steady-sliding among all unit-amplitude waveforms. When
normalized by unit-rms value, all three waveforms displayed similar capability to destabilize steady sliding.
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Appendix A. Effective friction law relations for Stribeck case

This appendix gives a brief development of the effective friction laws and their derivatives for the Stribeck
friction case. The reader is referred to [14] for further details. The effective friction characteristic for the
Stribeck friction law was given in Eq. (19):

2n
Avy) = %/0 {owsign(u) + a1 (v, + 07 G) + 03(v, + 27 G)’ }d(Rr7), (A.1)

where

_E(:us - :um) or = l(#S - lum)
2 v, T8 ’

m

oy = g, O] = and u=v,+arG.

As described above, the effective friction characteristic for the Stribeck friction law for any of the three
waveforms under consideration is given by

2
o) oo (1 - ;RT‘H) + (o1 4 30302 (G(R77)*))o, 4 0307 for |v,] ot7 Grnax
a(v,) = )

(A.2)
:u(vr) + 3a3°‘%‘<G(RTT)2>Ur for [vy| =07 Gmax
The derivative of (A.2) was also derived above for general dither waveforms: For |v,| <oy Gmax
» 20 2,2 2
A(0) = —— 2| (o + 3005(G) + 3ot (A3)
norg(Rrty)
For |v,|> a7 Gnax
ﬂ/(l)r) = ,u/(vr) + 30‘30{%"(G2>3 (A4)

where /(v,) = 3o3(0? — v2).

A.1. Sinusoidal dither waveform

In the case of sinusoidal dither, g(t) and G(t) are given by Egs. (7a) and (7b), respectively. From these, it can
be shown that Gy,.x = 1, Ryt = arccos(vy/or), and (G(Rr7)?) = 1/2. Using these relations, (A.2) reduces to
the exact form given by Thomsen [3]:

2 r . 3
oo (1 — Zarccos (M) ) sign(v,) + (ocl + —oc3oc27) v +os0 for v <or
_ T or 2
vy) = (A.5)

(o) + S50 for || >ar
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A.2. Triangular dither waveform

For the unit-amplitude triangular waveform given in Eqs. (8a) and (8b), it can be shown that G,., = 7/4,
Ryt = +/(n2/4) — (n|v,| /1), and (G(Rr7)%) = n%/30. Using these relations in Eq. (A.2) gives

2
oco(l —4/1 n| r|>51gn(vr) + (ocl + loocgocT> v+ ozv}  for |ur|<§ar

A(er) = - - (A0

Y
w(vy) 7 oczaTvr for |v,| =0T

A.3. Square dither waveform

For the unit-amplitude square wave given in Egs. (9a) and (9b), it can be shown that Gp.x = 7/2,
Ryt = (n/2) — (v /ar), and (G(R7t)?) = n%/12. Using these relations in Eq. (A.2) gives

2oy ? 3 T
—+o + 4063O€T vr +ozv;  for |v,|<§aT
i} oy
avy) = 2 . (A7)
p(vr) + oczochr for Ju,| >Zar

A.4. Derivatives of the effective friction laws

For the case of |v,|>a7Gmax, Eq. (A.4) shows that the derivative depends only on (G?). These values are
listed in Table 2 for unit-amplitude and unit-rms sinusoidal, triangular, and square waveforms. For the case
[v:] <orGmax, (A.3) can be evaluated in closed-form for each waveform. In addition to (G?, (A.3) also
depends on g(R7t), which is easily determined in terms of v, and o4 for each waveform.

Appendix B. Effective friction law relations for decreasing friction case

Equations for the effective friction law, i(v,), and for the derivative @'(v,) were given above for general
dither waveforms conforming to assumptions 1-5. In this appendix, those general equations are specialized for
the sinusoidal, square, and triangular waveforms given by Eqgs. (7)—(9). (The reader is referred to [14] for
further details.) The formulas are specific to the unit-amplitude case, but extensions to the unit-rms case are
straightforward. Also, the belt speed is assumed to be positive. The effective friction law for the decreasing
friction relation was given in Eq. (27):

1 [ ul\ .

Aw) =5 [ Busign) + By exp (— U) sign(d(Rr), (B.1)
T Jo Um
where
ﬁ[) = > ﬁl = HKs — Wy and u = v, + arG. (B2)
For v, > o7 Gax, We obtain

(e = o+ Plexp (‘”’) | e (— “TG(R”)) d(Rrv) (B.3)

Um 0 Um

and

A ) = — nﬁl exp (—vr> /On exp (— M) d(R77). (B.4)

m
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For 0 <v, <a7Gmax, We obtain

RT‘L'I
fi(v) = By (1 _ ERTTI) _ &/ exp (U’_"OCT—G(RTT)) d(Ry7)
T T Jo v

+ &/ exp (MG(RTT)) d(Rr7), (B.5)
n Rty Um
and
— 280+ B B /RT” (Ur + OCTG(RTT))
V)= ————~ exp| —————— |d(R77
'u( ) noarg(Rrt)  vmm Jo P 'm (Rro)
n . — R
U™ RTTI Um
B.1. Sinusoidal waveform
For v, > o071 Gpax, We obtain
—0\ [" R
1) = By + D exp (—“) | e (M> d(Ry). (B.7)
T vm ) Jo U
A closed-form expression can be obtained for fi(v,) and @'(v,):
—v o
) = o+ prexn(32) 1, (%) (B.5)
m Um
and
w) = ~Plexp(T0)1,(2). 9)
Um Um Um
where [ is the modified Bessel function of order zero:
1 T
Iy(z) =— / exp(%z cos(6))dé. (B.10)
T Jo
Eq. (B.9) shows that @'(v,) is clearly negative for all belt speeds in the range v, > o7 Gpax. For 0<v, <o7Gax,
we obtain
2 S\ R R
a(v) = Py (1 — —RTrl) — &exp <U—> / exp (— M) d(R77)
T T Um/) Jo Um
_ n R
—i-&exp( v,) / exp (M> d(R77) (B.11)
T Um RTTI Um
and
2 S\ [Rra - R
2(,) = (Bo+B1) ﬂexp (v_,) / exp( o7 c0s( Tr)> d(Ry7)
norg(Rrt)  Umm Um 0 Um
—v\ [T R
B (—”) / exp <M) d(Rr7), (B.12)
UmT Um R71y Um
where

_1{ Ur
Rt = cos =),
or

Given the form of the integrals, (B.11) and (B.12) are evaluated numerically.
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The upper boundary of the unstable region is obtained by substituting Eq. (B.9) into Eq. (18). Steady-
sliding is predicted to be unstable in the range

Fp1 n
Groax0r <0, < Uy, In M , (B.13)
20w,
where G = 1.
B.2. Square waveform
For v, > o1 Gpax, We obtain
a(v) = Bo + &exp (—v,) / exp <— L a—Tr> dr. (B.14)
T Um 0 va Um
Closed-form expressions can be obtained for ji(v,) and @ (v,):
f(v,) = Bo + ﬁ 10 p(_”’) sinh (“T">, (B.15)
vl‘ﬂ 21]}71
and
—/ ﬁl . oTT
av,) =— —exp sinh{ — |. (B.16)
or vm 20
Eq. (B.16) shows that '(v,) is clearly negative for all belt speeds in the range v, > o7 Gpax.
For 0<v, <arGnax, RrT1 = (7[/2) — (UV/OCT) and G(RT‘L') = —7'5/2 + Ryt on [O,TC]
) . R7Ty , R _ 2
f(v,) = fov —&/ exp (U +or(Rye — 7/ )> d(R77)
oL T T Jo Um
" —v, —oap(Rrt —m/2
4B / exp( br = ar(Ryt =/ )) d(R77) (B.17)
T RTTI Um
This is easily evaluated as
2 r 2 m . r
v )_ﬂ Pro exp<—ﬂ) smh<”—). (B.18)
ToT ToT 20, Um

Similarly, evaluation of (B.6) for @'(v,) gives

2 2 -
a(v) = 2bo + ﬂexp <— M—T> cosh (v_,) (B.19)
nouy  ToT 20, U

The upper boundary of the unstable region is obtained by substituting Eq. (B.16) into Eq. (18). Steady-
sliding is predicted to be unstable in the range

G0 < Uy < Uy, 1n< FPi Gon (“”)), (B.20)

CO( T va

where Gm.x = 7/2.

B.3. Triangular waveform

It is convenient to use the fact that G(x — Ryt) = —G(Ryr7) in Eq. (B.3). This gives

n/2 n/2
o) = By +ﬁ—exp< ){ | e (— M) aRr+ [ e (+ M) d(RTr)}
Um 0 Um 0 Um
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for v, > 07 Gax. From Eq. (8b), G(R71) = —(n/4) + (2 /n) on the interval [0,7/2]. Therefore,

pa) = o+ 2 exp (3

m

X

or

A0 = o+ 5 [ exp (51 ) exptaprt(9) + expt-enfity 7).

Um

where y = nv,,/4or and

erf(z) = % /O ) exp(—z°)dz and erfi(z) = \% /0 Zexp(—l—zz)dz.

Differentiation of (B.19) with respect to v, yields

i) =~ fl_ exp (_”) [exp()erf () + exp(—p)erfi(y/7)].

Eq. (B.22) shows that j'(v,) is clearly negative for all belt speeds in the range v, > o7 Gmax.
For 0<v, <opGnax, We start again with (B.5):

RT‘L’]
i(vy) = Py (1 _ %RTTI) _ ﬁ/ exp (H“T—G(RTT)) d(R77)
Y T Jo

Um
TL/2 . — R
+ b / exp (M) d(Ry7)
T RT‘L'1 Um
+ &/ exp (——vr _ aTG(RTT)) d(R77),
T Jr/2 Um

/2 2 n/2 2
exp (TT) / exp <— aT_T) d(Rr7) + exp <— naT) / exp (OCT—T> d(R77)
vm /) Jo Ty, 4v ) Jo Ty

(B.21)

(B.22)

(B.23)

where Ryt = (n/2)\/1 — (4v,/nar). The limits of the third integral can be modified using the fact that

G(TE — RT‘L') = —G(RT‘E)I

Ry
(v = B (1 - iRm) _h /0 exp (UJ”"TG(R”)> d(Ry7)

T m

T Rty Um T m

Substituting that G(Rrt) = —(n/4) + (?/n) on the interval [0, 7/2], we get

fi(vr) = Bo(1 = 2Ry /m) + % \/%exp (— ;J—r) exp(y){erf(y/7) —erf(d) }

Bi [om o (2r 54 P [om or :
>V exp o exp(—y)erfi(d) + 5 o(Texp o exp(—y)erfi(\/y),

where 0 = (2Rrt;/m),/7. A similar procedure to evaluate (B.6) yields

260+ b)) B ox
norg(Rrt1)  23/%70m

~3 ilTUm exp <5;) exp(—y)erfi(o) — 7 fc]Tvm exp<

() = (=) exptn et — exf0)}

Uy

> exp(—y)erfi(\/7).

m

n/2 o n/2 —
0 v,

(B.24)

(B.25)
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The upper boundary of the unstable region is obtained by substituting Eq. (B.22) into Eq. (18). Steady-
sliding is predicted to be unstable in the range

Grnax01 <Ur <Up, In (%I;% lexp(y)erf(y/7) + exp(—y)erfi(ﬂ)]) , (B.26)

where Gp.x = /4.
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